The background geometries of the AdS/CFT and the Randall-Sundrum theories are locally similar, and there is strong evidence for some kind of "complementarity" between them; yet the global structures of the respective manifolds are very different. We show that this apparent problem can be understood in the context of a new and more complete global formulation of AdS/CFT. In this picture, the brane-world arises within the AdS/CFT geometry as the inevitable consequence of recent results on the global structure of manifolds with "infinities". We argue that the usual coordinates give a misleading picture of this global structure, much as Schwarzschild coordinates conceal the global form of Kruskal-Szekeres space.
I. INTRODUCTION.
In the best-known special case, the AdS/CFT correspondence [1] is a duality between quantum gravity on an (n + 1)−dimensional AdS background (for certain n) and a Yang-Mills superconformal field theory on the n−dimensional boundary of the Penrose compactification. That this is indeed a special case is emphasised in Ref. [2] , where it is also argued that more general cases are best treated by Euclidean methods. In the Euclidean picture, the bulk is an (n + 1)−dimensional hyperbolic space H n+1 (topology R n+1 ); it may be regarded as the warped product of R with R n , with metric
where y ∈ (−∞, ∞), L is a constant, g The conformal boundary consists of a copy of R n at "y = +∞" together with a point at "y = −∞", and so it has the topology of S n , the n−sphere, the one-point compactification of R n . [Notice that the sections y = constant have a different topology : each is a copy of R n .] The metric g H induces a conformal structure rather than a metric on the boundary. This is the purely geometric aspect of the duality.
The AdS/CFT correspondence has proved to be an extremely useful tool for exploring otherwise inaccessible aspects of quantum gravity. It is natural to ask whether it is more than this : can something resembling [a Euclidean version of] the real world arise within the AdS/CFT geometry? One immediately thinks, of course, of the Randall-Sundrum "brane world" [3] , which sits at the origin of a 5-dimensional space with metric
Indeed, evidence for some kind of AdS/CFT/Randall-Sundrum "complementarity" has been adduced [4] [16] . For example, in Ref. [10] the corrections to the Newtonian gravitational potential are computed from both points of view, and are found to have the same form. The agreement becomes precise provided that the curvature parameter L in the Randall-Sundrum metric is equated to its counterpart in g H − again strongly suggesting that we are dealing here with two aspects of one geometry.
A clearer and more concrete interpretation would be that we are dealing with two different regions of a single Riemannian manifold with curvature parameter L.
While g H and g RS are obviously closely related, the global structures of the respective manifolds are of course very different; and these differences are crucial. First, the Randall-Sundrum space has no access to any region analogous to the region of H 5 where y takes large positive values, and this is essential for "trapping" gravity on the brane-world. Second, this excision of the "large end" of H 5 results in a manifold which is not geodesically complete. Again, this incompleteness (due to the "jump" at y = 0) may well play an essential role in gravity trapping (see [14] [16] , and the references therein). Thirdly, as was pointed out above, the topology of the conformal boundary of H 5 is that of S 4 , and thus is very different to that of the brane-world; this is no mere technical bagatelle, for the compactness of the boundary ensures the uniqueness of the correlation functions of the conformal field theory defined there.
Despite these global differences, there is no denying the appeal of the notion that the brane world results from a U V cutoff of AdS/CFT, with a corresponding non-trivial coupling of the CFT to gravity [4] . From this point of view, AdS/CFT should be regained from the Randall-Sundrum space by some kind of limiting process. But what is this process? How can it resolve the global differences discussed above? The metrics g H and g RS appear to have no adjustable parameter other than L; how can we introduce a new parameter into g RS , such that g H is obtained in the limit? What is the geometric significance of this new parameter?
We wish to argue that these questions are best answered in the context of a radical reformulation of the geometric background of AdS/CFT. The fact that the familiar bulk/boundary formulation of AdS/CFT must be generalised in some way is already recognised in [2] : as we move beyond simple manifolds like S n and S 1 × S n−1 , we soon encounter manifolds of non-zero Hirzebruch signature, and these simply cannot be represented as the boundary of any manifold-with-boundary [17] . A familiar example of this is the K3 manifold. We have shown elsewhere [18] that this problem is solved by interpreting "infinity" as a compact submanifold of a compact manifold rather than as the boundary of a manifold-with-boundary. The "bulk" is then the (non-compact) complement of the infinity hypersurface. This is indeed a generalisation of the usual approach; for while it is essential if we are to deal with non-boundary manifolds like K3, it also works perfectly for manifolds like spheres and tori which happen to be boundaries.
If we accept that this is the correct geometric formulation of AdS/CFT, then a pair of beautiful results due to Witten and Yau [19] and Cai and Galloway [20] essentially imply the following remarkable result : if we require the bulk to be Einstein with negative scalar curvature, then the bulk cannot be geodesically complete. Something like the brane-world arises in the bulk not because it has been inserted "by hand", but because the geometry requires it to do so. The Einstein condition on the bulk strongly constrains the local geometry, and yet, by forcing us (via incompleteness) to "cut and paste", it opens up a host of interesting new global structures for the higher-dimensional space. A very simple and natural example of this construction will allow us to represent the brane-world as residing in a space which is essentially connected to the "AdS/CFT region" by a wormhole. The solution contains, as so often, negative-tension branes, but these are confined to the throats of the wormhole -where, one might say [21] , they belong. The parameter which controls the extent to which the brane world resembles AdS/CFT infinity is the width of the wormhole, or, equivalently, the tension of the wormhole branes; the topology of infinity is always identical to that of the brane world; and there is a clear and precise sense in which the AdS/CFT picture is obtained from the brane world as the parameter tends to its limiting value. In short, the reformulation advocated here allows us to understand the differences between the AdS/CFT picture and the Randall-Sundrum cosmology, and provides a suitable arena for discussing their relationship.
We begin with a rapid summary of the relevant geometric ideas.
II. SPIN COBORDISM AND EINSTEIN METRICS
Let N n be a smooth, compact, n−dimensional submanifold of a compact (n + 1)− dimensional manifoldM n+1 . Let f be a smooth function onM n+1 which is positive on the complement M n+1 =M n+1 − N n but which vanishes to first order on N n . Suppose that we can find a metric g M on M n+1 and a function f as above, such that f 2 g M extends continuously to N n . Then N n is "at infinity" for points in the "bulk", M n+1 . Any instance of the usual bulk/boundary formulation of AdS/CFT can be interpreted in this way by simply taking two copies and identifying them along the boundary. A more interesting construction results, however, when one considers how to deal with a CFT defined on a manifold which is not a boundary.
Let P n and Q n be compact n−dimensional spin manifolds. Let −Q n be obtained from Q n by reversing orientation, and let P n + (−Q n ) be the disjoint union. One says that P n and Q n are spin cobordant [22] if there exists at least one compact manifold-with-boundarȳ R n+1 with P n + (−Q n ) as boundary and with an interior R n+1 which is spin and which induces the given spin structures on P n and −Q n . The spin cobordism equivalence classes in dimension n form an abelian group, the spin cobordism group Ω spin n . In particular, Ω spin 4
is not trivial : there are (infinitely) many distinct 4-manifolds which are not spin boundaries.
Whether or not a given compact spin manifold N n is a spin boundary, it is of course spin cobordant to itself. LetM n+1 be the corresponding manifold-with-boundary, and let g M be a metric on the interior, M n+1 , such that N n + (−N n ) is the conformal boundary relative to g M . If we now identify the two copies of N n , we obtain a compact manifold M n+1 (without a boundary) which contains N n as a "hypersurface at infinity". Again, this works whether or not N n is a (spin) boundary. In view of this, we advocate the hypersurface interpretation of "infinity" in all cases, even when N n is a boundary. Now let us consider the geometry of the compact manifold N n . It is clear that, because the function f introduced above is not unique, the metric g M on the bulk, M n+1 , does not induce a Riemannian structure on N n , but rather a conformal structure. We may therefore take it, without loss of generality [23] , that the relevant metric on N n has constant scalar curvature. It was pointed out in [24] that this constant must not be negative, since otherwise the conformal field theory at "infinity" will become unstable. Now this constraint on N n has extraordinary consequences for the bulk, M n+1 . It turns out [18] 
This follows from the very remarkable work of Witten-Yau [19] and Cai-Galloway [20] .
In simple examples, the incompleteness manifests itself as one or more regions where g M fails to be smooth. In other words, in this formulation of AdS/CFT, Randall-Sundrum style jumps are perfectly natural − indeed, they are inevitable. Physically, this means that a fully general formulation of AdS/CFT necessarily entails the presence of branes in the bulk − as foreseen in [2] . Mathematically, it means that, when constructing bulk solutions of Ric (
we are free of the (very restrictive) condition of smoothness, and this allows new and interesting geometries for the bulk.
The simplest possible cobordism from N n to itself is given by a cylinder. Identifying the two copies, we obtainM n+1 = S 1 × N n , where S 1 is a circle. Even in this simplest possible case, there are many interesting geometric structures, so we shall confine our investigation to this case.
Parametrise the circle by θ running from −π to +π, and think of "infinity" as residing at θ = 0. We shall look for metrics of the general form
where L is a constant, g N is a Riemannian metric on N n , B(θ) is a positive function which does not tend to zero as θ tends to zero, and A(θ) is a positive function such that 1/A(θ) has a first-order zero at θ = 0. Then g M will be a metric on the non-compact "bulk",
such that points in the hypersurface θ = 0 are "infinitely far" from any point in the bulk. As we have stressed, the compact manifold at infinity can have an otherwise arbitrary topology -it could be the K3 manifold, for example.
Our objective is to solve the bulk Einstein equation, Ric (
In this we will be guided by the following lemma, the proof of which is straightforward and will be omitted.
LEMMA: With the above notation, g M is an Einstein metric only if g N is an Einstein metric.
In view of the requirement that the scalar curvature of N n should not be negative if the CFT at "infinity" is to be stable, this means that we have two cases to consider. The more interesting of the two is the Ricci-flat case, so we begin with it.
III. RICCI-FLAT "INFINITY"
We now set n = 4 and take N 4 to be Ricci-flat: thus N 4 could be a four-torus T
4
(in which case the compact five-dimensional manifoldM 5 is T 5 ), or a quotient of T 4 by a finite group, or K3, and so on. As we know, there are no smooth solutions of Ric
M of the kind we require, and we must bear this in mind when solving the equation; we must do it "piecewise".
When N 4 is Ricci-flat, the solutions have the following local form:
where K and J are constants. The global solution has therefore to be patched together from "pieces" of this form, so that A(θ) and B(θ) are continuous functions on S 1 −{0}, that is, on the set (−π, 0) ∪ (0, π]. An interesting global solution of this kind is the following:
Here α is a constant angle in the range ( π 2 , π), and g RF is Ricci-flat. Note that the introduction of the parameter α is the inevitable consequence of the "singularity theorem" discussed earlier : it describes the relative positions of the points on the circle where the metric fails to be smooth.
Clearly g M is well-defined everywhere onM
is "infinity". However, g M does induce a conformal structure on infinity, represented by the Ricci-flat metric g RF . Elsewhere, g M is smooth except at θ = α, θ = −α, and , perhaps a little less obviously, at θ = π. At θ = π there is a positive-tension brane which we interpret as the brane-world; the topology is that of N 4 , and the metric induced by g M is precisely g RF . As we move away from the brane-world (in either direction), the sections θ = constant rapidly shrink, the induced metric being g RF multiplied by the
, which is less than unity. This continues until θ = ±α is reached, where the scaling factor reaches the value (2α − π) 2 α 2 ; beyond this, the sections increase in size without limit as θ = 0 is approached. If α is assumed to be only slightly larger than π 2 ,
is positive but very small. The physical picture is then as follows. We have a Randall-Sundrum brane-world at θ = π, with the manifold rapidly shrinking away to either side. The "narrow" region, however, proves to be the entrances of a wormhole with negative-tension branes at the throats; the other side of the wormhole is an infinite region of the kind familiar in AdS/CFT theory. Thus, the Randall-Sundrum world can indeed arise naturally in an AdS/CFT geometry : it lives deep inside a wormhole. The extent to which each "world" can influence the other is controlled by the parameter α, which determines the width of the wormhole throats.
Let us examine the ways in which this global structure addresses the questions raised in the Introduction. First, the geometry does clearly reconcile the differing natures of the Randall-Sundrum and AdS/CFT geometries; the former arises within a wormhole in the latter; this explains the equality of the L parameters on the two sides of the calculation in [10] . Second, the lack of smoothness in the Randall-Sundrum geometry is now explained by AdS/CFT -it is an inevitable consequence of the Witten/Yau/Cai/Galloway theorems.
Third, the topology of the brane world (θ = π) is the same as that of AdS/CFT "infinity" (θ = 0) : both are diffeomorphic to N 4 , and both have essentially the same geometry (given by the Ricci-flat metric g RF on the brane world, and by the conformal structure represented by g RF at θ = 0). This is in contrast to the usual picture, in which "infinity" is S 4 and thus has a very different topology and geometry to the brane-world. Thus, in the new picture, it is at least topologically possible to imagine a limiting process whereby the brane-world comes to resemble the AdS/CFT picture. Before discussing that, however, we wish to point out the following simple yet very appealing property of the above geometry. Notice that there is an obvious asymmetry between the AdS/CFT and the Randall-Sundrum sides of the wormhole : on one side the manifold flares out to "infinity", while on the other it begins to do so but is abruptly halted at the brane-world. This happens simply because θ is bounded − values beyond π are meaningless. Thus we can say that the U V cutoff implicit in the brane-world is a consequence of the topology of the five-dimensional world.
Now let us ask what happens if α (which always lies in the range
to be arbitrarily close to π 2 . Note that the brane-world, at θ = π, has a metric g RF which does not depend on α, while the metric at θ = α is (2α − π)
For an observer at the throat, therefore, the brane-world tends to become infinitely large as α tends down to π 2 .
The distance d(θ, π) from any point at a fixed value of θ ∈ [α, π] to the brane world is
and this becomes arbitrarily large; the brane world recedes to infinity. In short, by taking α sufficiently close to π 2 , we can effectively (though not truly) isolate the brane-world from AdS/CFT "infinity"; by taking it still closer to π 2 , we can cause the interior of the wormhole to resemble its exterior. Thus we have a precise formulation of the notion that AdS/CFT can be recovered from the Randall-Sundrum cosmology by some continuous process. The relevant parameter is essentially the width of the wormhole throats, or, if one prefers, the magnitude of the tension of the branes there (which is also related to 2α − π).
The reader is entitled to object that the metric (III.2) bears no obvious relation to the Randall-Sundrum metric (I.3) or to the Euclidean AdS metric (I.1). Before we explain this, the reader may wish to reflect on the respective roles played by Schwarzschild coordinates and Kruskal-Szekeres coordinates in the study of the Schwarzschild solution in general relativity. The former have their uses, but they are profoundly misleading regarding the true global structure of the underlying spacetime manifold [25] . In particular, they conceal the wormhole structure of the full spacetime. We claim that the familiar coordinate y does a similar disservice to the study of (I.1) and particularly (I.3). To see the point, take (III.2) and change the coordinate θ as follows. If θ ∈ [α, π], define y by
A straightforward calculation reveals that, for these values of θ, the metric (III.2) becomes
In this range, (III.2) becomes
and so, for y ∈ [−y α , +y α ] we have
and so we have recovered the Randall-Sundrum metric, except that the flat metric g 
and for θ ∈ [−α, 0) define it by
Bearing in mind the fact that e −4y α /L g RF is Ricci-flat since g RF is Ricci-flat, we essentially have here two copies of the (Ricci-flat generalisation of) the Euclidean AdS metric (I.1).
If we take the manifold N 4 to be the torus T 4 , so that the five-dimensional world is T 5 , and if we take g RF to be a flat metric on T 4 , then (III.8) is locally identical to (I.3), and (apart from a constant scaling factor) (III.11) is locally identical to (I.1). The true global structure of this space is, however, utterly unlike the picture suggested by (III.8) and (III.11). In particular, (III.11) very misleadingly suggests that "infinity" (at y = −∞ and y = +∞) is disconnected, which would lead directly to the paradox discussed by Witten and Yau [19] . In fact, of course, "infinity" is connected. (Let y → ∞ in (III.9) and let y → −∞ in (III.10).)
Our claim, then, is that the familiar y coordinate in the Euclidean AdS metric (I.1) and in the Randall-Sundrum metric (I.3) is akin to Schwarzschild coordinates : very useful for many applications, but profoundly misleading as an indicator of global structure. The analogue of Kruskal-Szekeres coordinates here is the circular coordinate θ, and the global structure is to be read off from (III.2). We have found that this global structure accounts for AdS/CFT/Randall-Sundrum complementarity in a way that answers all of the questions raised in the Introduction.
IV. RICCI-POSITIVE "INFINITY"
The other potentially interesting solutions of Ric (
are obtained when N 4 is a compact Einstein manifold of positive scalar curvature. In fact, the metric g P on N 4 must be normalised to satisfy
As in the Ricci-flat case, we know that there are no geodesically complete solutions, so we must be prepared to patch a global solution together from local pieces. A local solution of the form (II.1) is given by
where K is a constant, and so we can obtain a global solution on (−π, 0) ∪ (0, π] of the following kind :
where α is a constant angle in ( π 2 , π). This is a solution of Ric (
Clearly g M is well-defined and continuous everywhere in the "bulk", and it induces the conformal structure represented by g P on "infinity", which is at θ = 0.
This solution shares many of the virtues of (III.2) : there is a brane-world at θ = π, deep inside a wormhole with throats at θ = ±α; the brane-world has the same topology as "infinity"; as before, the characteristic Randall-Sundrum lack of smoothness is explained by AdS/CFT, via the Witten/Yau/Cai/Galloway theorems; and so on. As before, we seek to regulate communication between the Randall-Sundrum and AdS/CFT worlds by constricting the throats of the wormhole. But this is where (IV.3) differs from (III.2).
In the latter case, the induced metric at θ = α is (2α − π) 2 α 2 g RF , which can be made arbitrarily small by taking α to be slightly larger than π 2 . In (IV.3), the metric at θ = α is cot 2 ( α 2 )g P , which does not tend to zero as α is taken closer to π 2 − indeed, it actually increases (to g P ) as α decreases towards π 2 . (This cannot be remedied by multiplying the cos 2 ( θ 2 ) term by some α-dependent factor, because doing so would effectively violate (IV.1).) On the other hand, the metric induced on the brane-world is tan 2 (α)g P , which
increases without bound as α decreases towards π 2 . The upshot is that while an observer on the brane-world sees the throats of the wormhole shrinking towards zero size (relative to his length scales) as α is taken towards π 2 , an observer on the AdS/CFT side (who uses a metric given by the first part of (IV.3), which does not depend on α) will see them opening up to a certain extent. In any event, the brane-world can be prevented from communicating with the "infinity" at θ = 0 by taking α sufficiently close to π 2 , and once again there is a clear sense in which AdS/CFT is a "limit" of the brane-world.
As in the Ricci-flat case, the fact that (with a suitable choice of N 4 ) the solution (IV. 3) corresponds to a space which can locally be identified with both the Randall-Sundrum and the AdS/CFT spaces is not altogether obvious. Let N 4 be a 4-sphere endowed with the
, where x π and x α are the values of x at θ = π, α respectively. Then (IV.3) becomes
This represents a piece of hyperbolic space, H 5 , corresponding to one side of the Randall-
and now (IV.3) is
representing another piece of H 5 , in this case extending to "infinity" at x = L. As before, these coordinates put (IV.3) into a more familiar form, at the cost of completely concealing the topology of the underlying five-dimensional space − which, in this case, is that of
[Thus (IV.6) and (IV.7) have a strictly local significance, and one should be cautious in any attempt to think of x as a "radial" coordinate: for example, x can be negative.]
We conclude this section with the observation that there are, of course, many more
(IV.3) may be replaced by a metric having the form
where α and β are constant angles which must satisfy
This metric corresponds to a wormhole with throats at θ = ±α. The throats can be made arbitrarily narrow by choosing α sufficiently close to π 2 . The wormhole contains two brane-worlds, at θ = ±β; these can be made arbitrarily large by taking β sufficiently close to 2α. The two brane-worlds are separated by a further throat at θ = π, where there is another negative-tension brane. It is clear that one can construct arbitrarily complicated solutions in this way : the point to bear in mind is that, since it is impossible to construct a smooth solution, there is nothing unnatural about metrics like (IV.8).
V. CONCLUSION.
The familiar bulk/boundary formulation of AdS/CFT must obviously be generalised to accommodate manifolds (such as K3 ) which are not boundaries. It was predicted in [2] that doing this will require the introduction of "branes or stringy impurities of some kind" into the bulk. This indeed proves to be the case [18] .
The objective of this work has been to argue that Witten's "stringy impurities" include our Universe. We saw that, within a framework sufficiently general to allow for nonboundary manifolds, an Einstein metric on the bulk cannot be geodesically complete. We are led to consider 5-dimensional compact manifolds with metrics built up from pieces of the form (II.1). An example of an Einstein metric constructed so that AdS/CFT can be explored for K3 is given by (III.2). We find that the generalised "AdS" space contains a wormhole, inside which there naturally arises a Randall-Sundrum type brane surrounded by a region with the familiar metric (III.8).
We do not, of course, claim to have a realistic cosmological model here. In order to construct such a model, one would have to begin by understanding the Lorentzian analogues of the Witten-Yau and Cai-Galloway results. [For ideas on how this might be done, using techniques given in [27] , see [28] .] It is not unreasonable to hope that, in the spirit of [2] , our investigations may serve as a useful guide. In particular, our results suggest :
[a] That the Randall-Sundrum coordinate y may conceal considerable topological complexity in the underlying 5-dimensional manifold. (See also [29] .)
[b] That wormholes in the AdS/CFT bulk may be important. (See also [30] .)
[c] That the AdS/CFT/Randall-Sundrum complementarity should be interpreted as evidence that AdS/CFT explains the existence of the brane-world -that is, of our Universe.
We conclude with the following speculative remarks. In the picture put forward here, the brane-world can communicate with the wider "AdS/CFT world" only via the throats of the wormhole. The widths of these can be adjusted, however, and it would be interesting to study the cases where the widths are such as to preclude most but not all physical influences from passing through. In another sense, however, the brane-world is always acutely "aware" of one feature of AdS/CFT "infinity" : its topology. In the simple cases considered here, in fact, the brane-world is diffeomorphic to "infinity". This is interesting, because the stability of the CFT imposes differential-topological conditions on the structure of "infinity" -for example [18] , the latter cannot be diffeomorphic to any manifold in "Kazdan-Warner class N ". Thus it may well turn out that one of the main applications of AdS/CFT/Randall-Sundrum complementarity will be in constraining the topology of the Universe.
